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SUMMARIES 
The researches into non-Euclidean geometry from 
Saccheri (1733) to Riemann (1854) and Beltrami (1868) 
can best be understood not merely as foundational 
enquiries, but also as a progressive elaboration of 
the methods of analysis and later of differential 
geometry. The hyperbolic trigonometry of Lobachevskii 
and J. Bolyai was not generally taken as a conclusive 
demonstration of the existence of non-Euclidean geo- 
metry until it was given a foundation in the study 
of intrinsic Riemannian geometry. 
Les recherches dans la ggombtrie non-euclidienne, 
depuis Saccheri en (1733) jusqu'a Riemann en (1854) et 
Beltrami en (1868), peuvent &tre mieux comprises non 
seulement entant qu'enqu@tes fondamentales mais aussi 
comme 6laboration progressive des m&hodes d'analyse 
en premier lieu et de gkomgtrie diffgrentielle par la 
suite. La trigonom&rie hyperbolique de Lobachevskii 
et de J. Bolyai ne fut acceptge comme &tablissant d'une 
mani&-e concluante l'existence de la g&om&rie non- 
euclidienne que lorsque l'on donna un fondement B 
celle-ci, dans l'etude de la ggomgtrie Riemannienne 
intrinseque. 
Die Vntersuchungen zur nichteuklidischen Geometrie 
von Saccheri (1733) bis zu Riemann (1854) und Beltrami 
(1868) sind am besten nicht nur als Grundlagensstudien 
zu verstehen sondern such als eine Entwicklung der Metho- 
den, zuerst der Analysis und sp;l'ter der Differential- 
geometrie. Die hyperbolische Trigonometrie von Loba- 
chevskii und J. Bolyai wurde im allgemeinen nicht als 
endgiiltiger Beweis der Existenz nichteuklidischer 
Geometrie anerkannt bis sie durch die Vntersuchung 
der intrinsischen Riemannschen Geometrie begriindet 
wurde. 
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I. INTRODUCTION 
In the 18th and 19th centuries the study of the 'problem 
of parallels' changed its nature several times. Although origi- 
nally it was regarded as the problem of proving that the Euclidean 
postulate concerning parallels was the only one consistent with 
the other axioms and postulates stated in Euclid's Elements, it 
successively became a problem about the geometry of space, then 
a problem in geometry and analysis, and, finally, it ceased to 
be a problem when a non-Euclidean geometry was shown to exist. 
The paper argues that during most of this period the problem 
was not merely as one in the foundations of geometry. Instead, 
it is argued that the crucial step in the solution of the problem 
of parallels was the introduction of analytic techniques, notably 
those of hyperbolic trigonometry. The introduction of analysis 
is shown to be effective because it allowed a covert use of the 
concepts of differential geometry. 
In order to bring these points into sharper focus, the early 
history of non-Euclidean geometry is reviewed as given in 
standard accounts such as those of Bonola [1955] and Kline 119721. 
The standard accounts are summarized and then criticized in Part 
I; an alternative account--intended to supplement them--is de- 
veloped in Part II; in Part III the criticisms levelled against 
the standard accounts are discussed once more. The question of 
spherical geometry is discussed in an Appendix. 
Bonola's chronological accounts of the history of non- 
Euclidean geometry [Bonola, 19551 has set a pattern for the 
subsequent discussions. In five chapters he surveyed: 
I. Greek, Arab and pre-18th century work; 
II. fore-runners of non-Euclidean geometry; 
III. the founders of non-Euclidean geometry (Gauss, 
Schweikart, and Taurinus); 
IV. the founders (continued--Bolyai and Dobachevskii); 
V. the later developments. 
Further mathematical aspects of the various contributions 
are discussed in five appendices, but it is these chapters 
which most concern us here. Bonola's pattern of exposition is 
repeated elsewhere. For example, according to Coolidge 119631, 
the elementary theory culminates in the work of Bolyai and Loba- 
chevskii; Beltrami and Riemann begin the modern study of the 
non-Euclidean problem. In Boyer 119681 the overall chronol- 
ogical framework is perhaps the reason for the same division. 
A more massive expression of the distinction between the founda- 
tions and the development of the subject is found in Kline 119721. 
Kline elevates Gauss to a major influence on Lobachevskii and 
both Bolyais in Chapter 36 (p. 876), then turns to differential 
geometry in Chapter 37 , and finally discusses non-Euclidean ge- 
ometry in that light in Chapter 38 [l]. 
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Apart from simply giving the chronology of work on non-Eucli- 
dean geometry, Bonola's book highlights certain aspects of the 
historical development very well. Criticisms of the traditional 
expositions will be confined here to his work, not only for the 
sake of conciseness, but because Bonola's account is typical and 
set the pattern for later writers to follow. He rightly dis- 
tinguished Saccheri from his predecessors; there is a clear sense 
in which Saccheri differs from them and deserves to be considered 
the first of a new kind of defender of Euclid. His choice of 
methods and the exhaustiveness of his approach unite him with 
both Lambert and Legendre as 'modern' in a way that, say, Nasr- 
Eddin or Wallis are not. For, as Bonola correctly showed, 
Saccheri was the first to formulate the problem of parallels in 
terms of precisely three hypotheses: that the angle sums of tri- 
angles are either always equal to, always greater than, or always 
less than 71. This realization permits the use of a reductio ad 
absurdum: If geometries based on the second and third of the 
hypotheses (the obtuse angle and acute angle hypotheses, as 
they were called) can each be shown to be self-contradictory, 
then the first (Euclidean) must be true. Saccheri's approach 
was adopted by Lambert and Legendre and stands in sharp con- 
trast to that of, say, Nasr-Eddin and Wallis, who established 
only the equivalence of the parallel postulate with other assump- 
tions of equal or greater plausibility. Nasr-Eddin assumed that 
the curve everywhere equidistant from a given straight line in 
itself straight, and deduced the truth of the parallel postulate 
from this. Wallis assumed the existence of figures of arbitrary 
size similar to a given one in order to 'establish' the postulate. 
Bonola pointed also to a valid distinction between the fore- 
runners and the founders [Bonola 1955, Chapter III], namely that 
the founders considered that they had created some new mathematics 
whereas the forerunners [Bonola 1955, Chapter II] were concerned 
only with shoring up the old mathematics. Schweikart's astral- 
geometry and Taurinus' logarithmic-spherical geometry were con- 
sidered by their inventors to be mathematically valid objects 
rather than grist to a reductio ad absurdum argument. Schweikart 
even raised the possibility that his geometry might apply to 
physical space in a notice conveyed to Gauss by Gerling in January 
1819 [Gauss 1876, VIII, 180; Bonola 1955, 761. We shall see, 
however, that Taurinus did not believe his geometry could describe 
reality. Lambert and Legendre, in contrast, sought a theoretical 
defense of the parallel postulate. It is also worth remarking 
that Bonola included the French school of mathematics within the 
forerunners, a point to be considered briefly later. The divi- 
sion of the founders into Chapters III and IV of Bonola corre- 
sponds to an interesting, significant, and well-known difference 
in the work done by the two groups. However, the difference 
is obscured by a view of the histoxy which also sees the later 
developments [Bonola 1955, Chapter V] as different in kind from 
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the achievements described in Chapters III and IV. In fact the 
whole account may be criticized on several grounds: 
(1) It does not adequately discuss why the work was done when 
it was and not at another time. Saccheri died in 1733, Beltrami 
published his "Saggio di interpretazione della geometria non- 
euclidea" in 1868, and a general understanding of the new ge- 
ometry was not forthcoming until even later. Why did it take 
so long? 
(2) The way in which the work was done is not regarded as 
significant. The history of mathematics cannot be understood 
simply as a linear compilation of results; it must also be under- 
stood through its methods. Bonola's account contains no comment 
on the introduction of analytic methods; they appear unheralded 
in his discussion of Gauss, Schweikart, and Taurinus. 
(3) The exact nature of the achievements of Janos Bolyai 
and Lobachevskii is not fully discussed. For example, there 
are two immediate historical problems. First, why did most 
mathematicians prior to 1868 ignore their work, and second, why, 
generally after 1868, was it found so satisfactory and compell- 
ing? It is these problems which make it hard to say precisely 
who invented or discovered non-Euclidean geometry. The ambiquity 
of the work or Bolyai and Lobachevskii bears on these problems 
and upon our understanding of their intentions. 
(4) One might even inquire why the well-known example of 
spherical geometry did not at once settle the matter, but this 
historiographic question is subtler than it might seem, and is 
discussed in the Appendix. 
II. THE INTRODUCTION OF ANALYSIS AND DIFFERENTIAL GEOMETRY 
The introduction of analytic techniques provided a method 
which was both subtle and powerful enough to enable Bolyai and 
Lobachevskii to solve the problem once, and differential geometry 
provided a set of basic terms adequate to resolve it, both in 
the sense of solving it again and of analysing a crucial, unex- 
plained term in the earlier explanations. These two strands were 
first united in the work of Riemann and Beltrami. In this spirit 
it is possible to give a new analysis of the subject of which 
takes into account Morris Kline's important observation, that 
geometry, regarded as a purely mathematical system, must be 
distinguished from geometry as the study of physical space [Kline, 
1972, 869-8701. Saccheri virtually exhausted the classical 
approach wherein geometric forms are to be interpreted, whenever 
possible, in the Euclidean sense and treated without using trigo- 
nometry or coordinate methods, and Euclid's geometry is identified 
with the geometry of physical space and held to be true, other 
hypothetical alternatives existing only to be refuted. Saccheri 
observed of the parallel postulate that "no-one doubts [its] 
truth" [Saccheri 1920, 51; it was his intention to give at last 
a conclusive proof of the postulate derived without any question- 
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begging assumptions such as he had detected in earlier commentators. 
Lambert, in his turn, may have read Saccheri, since his work 
so closely resembles the Italian's. However, Saccheri is not 
mentioned by name in the Theorie der Parallellinien abandoned 
by Lambert in 1766, althougth Kliigel's dissertation (Kliigel 17631, 
with its references to Saccheri, is referred to by Lambert 
[StZckel and Engel 1895, § 33. Lambert's concern with area and 
angular defect led him to consider the possiblity of geometry 
on an "imaginary sphere": Although an analogy was made with 
spherical geometry, the imaginary sphere was not a clear or 
fruitful geometric concept being nothing more than a name for 
an algebraic trick [Z]. Lambert argued as follows. In Section 
81 he observed, but did not fully prove, that the angle sum of 
a triangle on the third hypothesis (that it is always less than 
TT) is related to the area of the triangle, precisely: 
area a v - (angle Sum). 
In the next paragraph Lambert observed that the second hypothesis 
(that the angle sum of a triangle always exceeds IT) holds for 
the geometry of great circles on the sphere, and went on to 
propose that the third hypothesis would hold on an imaginary 
sphere. He continued to regret that the third hypothesis was 
so hard to refute, a task he knew he had not successfully ac- 
complished. However, he considered the problem to be a matter 
of correctly formulating the foundations of geometry as the 
science of physical space, and seems not to have doubted that 
the correct geometry would be Euclid's. Between 1765 and 1770 
Kant and Lambert exchanged five letters on this matter [Lambert 
17821. Lambert wrote primarily about Euclid's Elements, but 
also about Space, Time, Matter, and Force, from which, he said, 
several world systems can be built (November 13, 1765). In 
1770 he wrote that Space and Time need as good a grounding as 
geometry before they can become truly intelligible. The influence 
of Lambert on Kant is hard to determine, but it should be noted 
that all the examples of hypothetical non-Euclidean properties 
of Space in Kant's Critique of Pure Reason pertain to the obtuse 
angle geometry (which Lambert thought he had refuted). Lambert 
also gave an invalid proof in [Lambert 17701 that statics was 
necessarily Euclidean. see [Gray and Tilling 1978, 331. It 
seems that he was unable to conceive of space as other than 
Euclidean and of the problem of parallels as other than founda- 
tional. This may have prevented him from seeing the signifi- 
cance of his discussion of the hyperbolic functions [Lambert 
19481 which extended Euler's treatment of sine and cosine, mak- 
ing explicit the similarities between the hyperbolic and circu- 
lar functions, and which later led to the first use of analysis 
in this area of geometry by Schweikart, Taurinus, and Gauss. 
Ironically, Lambert did this work after 1766 as his interest in 
the problem of parallels waned. 
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Gauss certainly read Lambert, since he twice borrowed the 
Theorie der Parallellinien from the Gijttingen University Library, 
in 1795 and 1797 [Dunnington 1955, 1771. However, it seems im- 
possible now to determine when Gauss made his discoveries. Non- 
Euclidean geometry is scarcely referred to in the famous diary 
of 1796 to 1814 [Gauss 1917, X,1 no. 991. As letters to his 
friends attest, Gauss' doubts about the possibility of non- 
Euclidean geometry seem to have ceased by 1816 [Gauss 1876 VIII, 
167 ff], but what he knew about it is less clear to us. Did he 
stop at the threshold? Did he content himself with extending 
the work of his friends, notably Schweikart and his nephew 
Taurinus? Did he perhaps see the new trigonometry at a glance 
as describing a non-Euclidean space. J. Dieudonnb concluded in 
his brief memoir [1962, 131 that Gauss' ideas on non-Euclidean 
geometry: 
. ..ne paraissent pas s'etre exprim&es dans son oeuvre 
math&natique; mais il ne fait pas de doubte par contre 
que sa dkouverte de la ggometrie non-euclidienne n'ait 
retenti sur son c&l&bre m&noire sur la th&orie des 
surfaces, ou l'on trouve exprim6e pour la premiere fois 
la conception profonde de la g&om$trie intrinseque d'une 
surface, indgpendante de son plongement dans l'espace 
ambiant. 
Concerning non-Euclidean geometry, Gauss was not only 
reluctant to publish, but even to comment in manuscript. He 
accepted the validity of Schweikart's remarks of 1819, on astral 
geometry, as he did Janos Bolyai's views in 1831, and in each 
case gave results improving those of his correspondents. He 
possessed the idea of intrinsic curvature which was to be crucial 
in modern reformulations of the subject. It may also have 
further increased his dislike of metaphysical and a priori argu- 
ments about geometry. But he did not draw these strands of 
thought together and never expressed himself with vigour upon 
the matter. (His achievements are summarized in Coxeter (19771.) 
Perhaps, as Dieudonne suggests, it is all there, but it might 
also be, as K. 0. May suggested [1972, 3091 that he disliked 
what he had discovered and was little inclined to pursue its 
consequences. However, there can be little doubt that Gauss 
was able to conceive of space as non-Euclidean, although the 
constant (discussed below) which enters the formulae would, he 
saw, have to be very much larger in absolute magnitude than 
the earth's radius [Gauss 1876, VIII, 1811. Bessel, with 
whom Gauss corresponded on this question in 1829, was aware of 
this and was accordingly of the opinion that Euclidean geometry 
was "incomplete and should receive a correction . . . but was the 
true . . . and practical geometry, at least for figures on the 
earth" (31 [Gauss 1876, VIII, 2011. Recently, Arthur I. Miller 
has shown that there is no evidence that Gauss conducted a 
survey of mountains in Hannover with a view to making an empiri- 
cal test of the nature of space (Miller 19721. It would have been 
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at once evident to Gauss that the results of his survey were too 
inaccurate to resolve the matter. 
Of all the other related investigations carried out during 
this period, those of Taurinus are perhaps the most interesting. 
He published an account of a new geometry in which the hyperbolic 
functions replaced the circular trigonometric ones [Taurinus 
1826, 5 641. However, he rejected it as a geometry of space on 
quasi-metaphysical grounds, although Gauss had written to him 
in 1824 to endorse the validity of non-Euclidean geometry [StXckel 
and Enqel 1895 facsimile]. The formulae for the angle of paral- 
lelism (see below) and all the elementary aspects of what we call 
hyperbolic geometry appeared for the first time in [Taurinus, 
18261. This makes his qualified rejection of the new geometry 
all the more remarkable. Taurinuswas the first to obtain a form- 
ula for the mysterious constant k which occurs in non-Euclidean 
trigonometric formulae, for example, in the formula relating the 
sides a,b,c, and angles A,B,C of a non-Euclidean triangle: 
cash: = cash $ cash E - sinh i sinh ; cos A. 
In a letter written in 1819 to Gerling concerning Schweikart's 
exposition of astral geometry Gauss had said that he could 
solve completely all the problems of the new geometry as soon 
as this constant was given. Taurinus showed that, if P is the 
maximum altitude of an isosceles right-angled triangle, then 
k = P/loq(l + 21j2) [Taurinus 1826, 691. The finiteness of P 
had been discovered by Schweikart in 1818 [Gauss 1876, VIII, 
1801. Taurinus appears to have thought that his new geometry 
might apply to lines on some surface other than the plane. He 
wrote that a geometry in which the angle sum of a quadrilateral 
exceeded HIT was not a logical impossibility but was necessarily 
the geometry of great circles on a sphere, in which the 'axiom 
of straight lines' (that two straight lines cannot enclose an 
area) was broken [Taurinus 1825, 821. Accordingly, he went on, 
the question about Euclidean geometry became: Is it the only 
plane straight-lined geometry? In his opinion, 
Were [non-Euclidean geometry] true it would follow in 
particular that there could be no Euclidean geometry, 
of which the possibility cannot be doubted [Taurinus 
1825, 861, 
which perhaps indicates the depth of his confusion on the matter. 
However, he later admitted that he could find no clear-cut con- 
tradiction with regard to non-Euclidean geometry, only a multi- 
plicity of possible systems, one for each value of the constant 
k [Taurinus 1826, 581. He then proposed to develop in his book 
a trigonometry for the new geometry although it still seemed to 
him to be unsuccessful ("missgliickt"). He wrote of his new 
geometry, which he called logarithmic-spherical: 
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The research into the question of what now is the true 
nature of the logarithmic-spherical geometry, whether 
it corresponds to something possible or is only imagi- 
nary, will truly be a worthwhile exercise for the 
highest erudition, nevertheless it goes beyond the 
limits of the Elements [Taurinus 1826, 671 (41. 
In the great work of Lobachevskii and Bolyai we will see how 
the analytic methods, allied to a good grasp of classical geo- 
metric methods, convinced the authors of the logical possibility 
of a non-Euclidean "plane" geometry. It is not always appreciated 
how analytic J. Bolyai's and Lobachevskii's works are, a point 
glossed over in the expositions which treat the history as belong- 
ing to "pure" geometry and foundations. Kline, like Bonola, 
sees their work as leading to the creation of a new geometry, 
and dealing with "as fundamental a physical problem as there 
can be" [Kline 1972, 8811. However, he does not discuss the 
significance of the new mathematical methods employed. In fact 
the great power of their work is that it is thoroughly analytic. 
Both Bolyai and Lobachevskii proceeded as follows: After 
preliminary definitions of lines, planes, and geometric figures, 
they (i) established the independence of the formulae of spheri- 
cal trigonometry from the axiom of parallels. They then (ii) 
defined a surface in space which is different from the plane, 
if the non-Euclidean parallel axiom is admitted to apply to space, 
but on which Euclidean Geometry holds, (iii) established formu- 
lae for triangles in hyperbolic geometry analogous to the (abso- 
lute) spherical trigonometrical ones for triangles on the sphere, 
and, finally, they argued from these formulae that in any 
triangle the angle sum is less than II and obtained a formula 
for the angle of parallelism. Thus, using analytical methods, 
they established the basis of a non-Euclidean geometry for 
figures defined in the classical manner as loci and intersec- 
tions of planes. It is in step (ii) that both men begged the ques 
tion of the existence of a non-Euclidean geometry. Both defined 
the parallel to a given line R through a point P not lying on 
R as that line m of the pencil of all lines through P and co- 
planar with R which neither meets R nor diverges from it in a 
specified direction. It turns out that such a line is unique, 
and asymptotic to R. In order for a non-Euclidean geometry to 
exist the class of lines diverging from R must be nonempty, else 
the definition reduces to the Euclidean definition. Neither 
Bolyai nor Lobachevskii demonstrated this. 
A major difference between Janos Bolyai's paper (18321 and 
Iobachevskii's [1840] is that Bolyai was more concerned with 
establishing the properties common to both Euclidean and non- 
Euclidean geometry (the properties of "absolute" geometry), 
while Lobachevskii preferred to seek out the non-Euclidean proper- 
ties explicitly. Bolyai also chose methods involving integration 
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and discussed, rather briefly, traditional topics of differ- 
ential geometry such as curvature, area, arc length, involutes, 
and evolutes. In contrast, in 1840 Lobachevskii preferred the 
more traditional methods of synthetic geometry and trigonometry; 
his differential geometric researches were published first, see 
[Lobachevskii 1829, 1835, and Engel 1898, for German transla- 
tion]. An example of a result obtained by both Lobachevskii 
and Bolyai is a formula for the angle of parallelism, cx the angle 
at A which a line makes to AB as to be asymptotic, i.e., paral- 
lel, to the perpendicular to AB at B (see Figure 1). Plainly 
c1 depends on the length, a, of the segment AB. Both Lobachevskii 
[1840, § 361 and Bolyai [1832, 9 291 showed that tan+cc = e -a/k, 
where k is an arbitrary constant, given as yet no geometric 
interpretation. This relation is derived from a formula con- 
necting sides and angles (in hyperbolic geometry) of a right- 
angled triangle ABC in the special case when C is sent to in- 
finity. 
To obtain the fundamental formulae of hyperbolic trigonometry 
it is merely necessary to take the two fundamental formulae of 
spherical trigonometry, namely 
cos a/k = cos b/k cos c/k + sin b/k sin c/k cos A, and 
cos A = -cos B cos C + sin B sin C cos a/k, 
and replace cos by cash, sin by sinh, cos . cos by cash l cash, 
and sin - sin by -sinh l sinh. From these formulae the basic 
equations of hyperbolic geometry, including the one which gives 
the angle of parallelism, can be obtained as special cases. 
Equivalently, replacing cos A by cos (-l)% A, etc., gives the 
same equations, as bobachevskii remarked in the concluding para- 
graph to the Untersuchungen, and as Farkas Bolyai (Janos' father) 
added in an appendix to his son's work. (This method was also 
used by Taurinus.) The constant i/k which appears in the formulae 
was nowhere given a geometric interpretation. 
A 
FIGURE 1 
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Despite the publication of [Lobachevskii 1840 and Bolyai 
18321 the mathematical community took almost no notice of non- 
Euclidean geometry. Lobachevskii's earlier papers [1829 and 
18351 were published in Russian in the Kazan University Messenger, 
not a widely available journal. A partial extract of the paper 
of 1835 was published in a French translation 1837, but was not 
taken up by anyone. Lobachevskii republished his paper of 1829 
without its discussion of three dimensional non-Euclidean figures, 
in the better-known German version, the Untersuchungen (18401. 
Janos Bolyai's work appeared in Latin as an appendix to his 
father's Tentamen [1832], and does not seem to have attracted 
much attention either. The neglect of this work is hard to 
understand. The usual explanation, advanced in [Bonola 1955, 
1211 and Kline [1972, 8791, that they were newcomers to the 
mathematical community and encountered a professional reluctance 
to accept new ideas, especially if those ideas flouted Kantian 
metaphysics, can only take one so far [5]. 
It might well be that their discoveries met with metaphysical 
resistance, a possibility considered in [Toth 19771. In fact, 
a forthcoming paper by Joan Richards discusses this in connection 
with the (later) response to non-Euclidean geometry of Cayley 
and the British School excepting Clifford. Richards finds that 
the British preferred to interpret non-Euclidean geometry through 
different definitions of distance in projective space. She 
concludes that part of the appeal of this approach lay in its 
metaphysical interpretation which enabled them to dismiss the 
metaphysics of differential geometry outlined by Riemann and 
Helmholtz [Richards 19791. Riemann remarked of his own work on 
geometry [1902, 2731 that it owed something to certain meta- 
physical researches of Herbart, who emphasized the role of ex- 
perience in the theory of perception and sought to avoid a 
priori judgements. Yet one doubts if Kline's polemical asser- 
tion that mathematicians in the 19th century were usually re- 
luctant to entertain radical ideas [Kline 1972, 8791 is entirely 
accurate. The first half of the century not only saw a dramatic 
development of projective geometry but an exploration of n-di- 
mensional geometries and geometries such as Pliicker's, which 
had novel space-elements, although these geometries did not 
perhaps have any obvious metaphysical consequences. 
I might add the following observations which call for further 
research. The generation of German mathematicians which emerged 
in the 1830's did not turn to the question of non-Euclidean 
geometry, and the French, it seems, had long decided to ignore 
it in favour of analysis and projective geometry. I cannot 
find within the schools of projective geometry any suggestion 
that new spaces might be under discussion. The ambient space 
remained Euclidean, with ideal points, although the configura- 
tions within it were subject to projective (nonmetrical) trans- 
formations. Paradoxically, the problem of parallels became the 
246 Jeremy Gray HM6 
domain of cranks at just the moment when it was most successfully 
tackled, and in such unhappy custody it did not attract new pro- 
ponents. It was not to be readmitted into research mathematics 
until advances in differential geometry which took place in the 
period 1827-1857 made it possible. I shall now turn to these 
developments, which concern the concept of curvature. The first 
published study of surfaces of constant negative curvature is 
due to H. F. Minding [1839], who followed Gauss' characteriza- 
tion of curvature as intrinsic to a surface. Gauss himself had 
earlier considered what he called the curve which upon rotation 
generates the opposite of the sphere, and whose equations are 
y = Rsin$, x = RCOS$J + logtan($/2.) According to Stgckel, this 
was in his handbook for the years 1823-1827, but it remained 
unpublished [Gauss 1876 VIII, 257 ff]. Later Minding [X%40] 
remarked that hyperbolic trigonometry was true on the surface 
of rotation of constant negative curvature; his argument rested 
on his earlier paper [1839]. Later, Codazzi [1857] validated 
the transition from trigonometric to hyperbolic functions, used 
earlier by Iobachevskii and Bolyai, when he showed that the 
resulting formulae described triangles on the surface of constant 
negative curvature (which for him was the pseudosphere, the 
surface generated by rotating a tractrix about its axis). Neither 
Minding nor Codazzi, however, noticed the connection with non- 
Euclidean geometry. 
Riemann never mentioned non-Euclidean geometry explicitly 
in his Habilitationsvortrag 119021, as Freudenthal correctly 
observed [Freudenthal 1962, 5131. However, Riemann referred 
to a darkness in the fundamental relationships which no one 
from Euclid to Legendre had been able to resolve, and he il- 
lustrated his ideas by referring to the geometry of surfaces, 
remarking upon the surfaces of constant curvature in particular. 
The surface of zero curvature is the plane (or, as he said, the 
cylinder, to which it is locally equivalent). In this case, 
Riemann said, "the metric properties of space are determined if 
the sum of the angles of a triangle is always equal to two right 
angles." Then, he observed that on surfaces of constant curva- 
ture bodies exist "independent of position"; in other words they 
can be moved around without distortion. In this case, "the 
sum of the angles is determined in all triangles when it is 
known in one" 11902, 2831. As his contemporaries observed, 
here was the crucial reference to hyperbolic geometry, for it 
had been shown by Saccheri and Lambert that each of the three 
possible homogeneous geometries is characterized by the angle 
sum of a single triangle (see Helmholtz [1868] and Klein [1871]). 
In Riemann's hands the imaginary sphere (radius = i/k) became 
the surface of constant negative curvature, I( = (i/k)2 = -l/k2, 
and so for the first time geometrically intelligible. 
Implicit in Riemann's Habilitationsvortrag but explicit in 
Beltrami's "Saggio" [1868a] are two significant points of clari- 
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fication: (1) the analytic introduction of complex numbers is 
replaced by the introduction of a new metric, and therefore a 
new surface; the "need" for imaginaries therefore disappears; 
(2) the concept of relative consistency is introduced so that 
the models of non-Euclidean geometry settle the problem of their 
existence, a point which had eluded Lobachevskii and Bolyai. 
Whereas Euclidean and non-Euclidean geometries had been given 
independent and equal status by Bolyai and Lobachevskii, they 
were given equal and interdependent status by Beltrami. For 
the first time it was realized that if non-Euclidean geometry 
could not exist, then neither could Euclidean, surely a surpris- 
ing resolution of Saccheri's trichotomy. 
Riemann had had to deny himself the luxury of formulae in 
order to comply with the public nature of Habilitation examina- 
tion Beltrami, with only a mathematical audience to consider, 
was able to establish the new geometry initially as that of a 
surface in differential geometry. He imposed a new metric on 
the interior of a disc in the Euclidean plane, one derived 
formally from the usual Euclidean metric on the sphere. This 
made the interior of the disc metrically equivalent to a surface 
of constant negative curvature. Hitherto, such surfaces had 
been treated only locally. Then Beltrami showed that the formulae 
for the angle of parallelism and for the circumference and area 
of circles are as Gauss and Lobachevskii had said, and that for 
a geodesic triangle the expected formulae hold, as Codazzi had 
shown. He gave a simple characterization of the oricycle, or 
circle of infinite radius, as one which touches the boundary of 
the disc. Finally, he gave his famous description of the geo- 
metry of chords within the disc, which establishes a model of 
non-Euclidean geometry in the Euclidean plane. The relative 
consistency of the two geometries is established by considering 
the transition from arcs inside the circle to their tangents, 
the arcs being infinite non-Euclidean geodesics and their tangents 
being Euclidean segments. By means of this transition any figure 
which would demonstrate the self-contradictory character of non- 
Euclidean geometry could be made to yield an impossible figure 
in Euclidean geometry as well. Later, Beltrami [1868b] referred 
to Riemann's Habilitationsvortrag, which he did not mention in 
the "Saggio," written earlier that year. Since [Beltrami 1868bj 
is also more confident in its treatment, as well as more 
general, it is plausible that Beltrami heard of Riemann's memoir 
after the "Saggio" was completed. He gives as his source for 
Riemann's paper Bedekind's publication of it as a Gottingen memoir, 
for which 1867 appears to be the correct date. It is the one given 
in the French edition of Riemann's works, although 1866 and 1868 
are sometimes given elsewhere. The bound volumes of Gijttingen 
memoirs are ambiguous on this point. 
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III. A RECONSTRUCTION OF THE HISTORY OF NON-EUCLIDEAN GEOMETRY 
It is now possible to return to the criticisms of the accounts 
of non-Euclidean geometry with which this paper began. In the 
period from 1733 to 1868 new methods of analysis and the new 
concepts of geometry evolved in branches of mathematics not at 
first related to non-Euclidean geometry, and it took time for 
the necessary connections to be made. In particular, the intro- 
duction of analytic, and later differential-geometric, ideas 
brought about changes in attitudes to the problem of parallels 
and, indeed, to the nature of geometry itself. These in turn 
altered the idea of what a solution to the problem would be. 
At two points these changes were quite marked. Between the 
traditional geometry of Saccheri, Lambert and the early Gauss 
on the one hand; and the analysis of the later Gauss and Taurinus 
on the other, is the gulf between the 'old‘ and the 'new' mathe- 
matics of that time. Between the analyses of Bolyai and Loba- 
chevskii and the studies of Riemann and Beltrami is a sophisti- 
cation of methods which even a recent university text has found 
too daunting to attempt [Greenberg 19741. Bonola speaks of . . . 
"Leav[ing] the field of Elementary Mathematics . . ." at this 
point [Bonola 1955, 1291; whilst Kline unfortunately obscures 
the issue by continuing to regard . . . "the basic non-Euclidean 
geometries . . . (as) fundamentally geometries of the plane . . ." 
[Kline 1972, 9061. It is these two decisive changes in the 
study of the parallel problem that an historical account must 
illuminate. Let us consider the first point. To Saccheri, the 
problem was almost one in logic: to defend the Euclidean paral- 
lel postulate by deriving it from the other axioms and postulates 
of Euclid by a reductio ad absurdurn. Saccheri did not doubt 
that Euclid's geometry was the geometry of space, and he spoke 
of his alternative hypotheses as "repugnant to the nature of 
the straight line" [Saccheri 1920, 151. Lambert's position was 
somewhat ambiguous. He believed space to be Euclidean, but other 
geometries to be possible in the sense that they describe surfaces 
in Euclidean three-space; for example, a geometry based on the 
hypothesis of the obtuse angle was embodied on the sphere [Lambert 
1786, 5 821. The sphere of imaginary radius was then proposed 
by him to provide a geometric ground for the area formulae. 
In his "Observations trigonom&riques" of 1770 [1948] when 
he made great play with the circular and hyperbolic functions, 
transcribing the spherical trigonometry formulae into formulae 
involving hyperbolic functions in the standard way, Lambert did not 
deduce that the new formulae apply to a geometry based on the 
hypothesis of the acute angle--a result which follows immediately 
on consideration of the formulae in the special case of an equi- 
lateral triangle. Instead, he applied the formulae of hyperbolic 
trigonometry to problems in astronomy where the sides of tri- 
angles can be taken to be imaginary [Manning 1975, 311-3151. 
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This sustains W. S. Peters' interpretation of Lambert's sphere 
of imaginary radius as a surface in which lengths are taken as 
pure imaginaries and angles purely real [Peters 1961, 641, but 
it remains only a suggestion, because Lambert nowhere said what 
he meant by the phrase. In particular, no proof of the existence 
of a sphere of imaginary radius was ever given. In his study 
on the theory of parallel lines, Lambert looked for contradictions 
when Euclid's other postulates were joined to a new hypothesis 
about the angle sum of figures, and he inclined to invest his 
conclusions with a Wolffian philosophical significance. Thus, 
he wondered if his discovery of an absolute measure of length 
in non-Euclidean geometry [Lambert 1786, § 791 did not contra- 
dict Wolff's ideas on the nature of quantity. Lambert wished 
to retain an a priori certainly about the Euclidean nature of 
space but was honest enough to admit that he had not conclusively 
defended that position. 
From this traditional standpoint, the problem is always dis- 
cussed in traditionalgeometric language. Hyperbolic trigonometry 
is associated with a new point of view in which the nature of 
space is an empirical question and geometric results are expressed 
in analytical formulae. These formulae, as Schweikart in 1818 
[Gauss 1876, VIII, 1801,Gauss in 1819, [Gauss 1876, VIII, 1811, 
and Bessel in 1829 [Gauss 1876, VIII, 2011 observed, give almost 
identical results to those in Euclidean plane trigonometry if 
the constant k-l is very large. Lobachevskii 11829, § 15; 
1840, 5 351 explicitly called for astronomical tests to resolve 
the question of the nature of space. Crucial to the success of 
Bolyai's and Lobachevskii's approach was the decision to study 
3-dimensional non-Euclidean space right from the start. This 
not only breaks with the traditional emphasis on plane geometry, 
from which solid geometry is somehow derived in a way seldom 
discussed, but it permits the remarkable discovery that the 
Euclidean plane can be isometrically embedded in non-Euclidean 
three-space [Lobachevskii 1840, 4 34; Bolyai 1832, 5 331 161. 
In the transition to analysis, the 'sphere of imaginary 
radius' and other surfaces intended to serve the same purpose 
(e-g-, Taurinus') were replaced by an arbitrary constant i/k not 
in itself requiring, nor receiving, an explanation. This 
constant is intrinsic to the space described by the formulae in 
a way which foreshadows its interpretation in terms of curvature. 
In the hands of Bolyai and Lobachevskii, it is intrinsic in the 
sense that the new geometry is not taken to be embedded in an 
ambient Euclidean space. The introduction of analytic methods 
is what separates the successful from the earlier unsuccessful 
attempts, which is why an historical study of such methods is 
important. These are the only methods by which a non-Euclidean 
geometry can be explored in any detail and in which an intuition 
of a non-Euclidean geometry be given a chance to develop. At 
least, this was the case historically. Once the analytic methods 
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were adopted any investigation of the original foundational ques- 
tion concerning parallel lines was precluded. The question of 
whether certain figures can exist was replaced by a treatment 
of the properties of those figures so powerful and subtle that 
it seemed to confirm the assumption that they do exist. 
The nature of the achievement of Bolyai and Lobachevskii 
(raised in point 3 above) does not seem even yet to have been 
fully discussed by historians. Although the two men had no 
doubts about the two dimensional case after 1831 (except for a 
while when Bolyai was misled by a mistake in his calculations 
[Bonola 1955, 1121) it is generally agreed that their confidence 
in the two-dimensional case was somewhat misplaced. Bolyai and 
Lobachevskii began with definitions of parallels equally appli- 
cable to both the hyperbolic and Euclidean geometries of space. 
Then on the assumption that the two geometries are different, 
they derived formulae for the hyperbolic plane. All that can 
be concluded from this line of argument is that no contradiction 
has been found, not that no contradiction exists. 
The situation is more complicated than is usually admitted. 
Lobachevskii and Bolyai, could have stood their arguments upside 
down, when indeed they are valid. That is, if they had defined 
a map from the Euclidean plane (with its usual metric) to a 
metricless plane by means of their formulae, then the image 
plane could have been given a hyperbolic metric. It would have 
become a valid illustration of non-Euclidean geometry, the validity 
stemming from the analytic formulae. In fact, although the va- 
lidity of the analysis was never questioned, it was simply not 
seen as relevant in the way just described [7]. The Russian 
and the Hungarian were simply unable to formulate in that way 
a concept they may well have intuitively felt. They could not 
start anywhere other than with the "Euclidean-style" concepts 
of plane, line, parallel, and so forth; their arguments then 
led to formulae. Rosenfeld 11973, 4281 correctly argues that 
Lobachevskii's paper of 1835 is consistent because it derives 
the hyperbolic trigonometry from the (absolute) spherical 
trigonometry. But despite Lobachevskii's naive 'topological' 
considerations of cuts and contiguity at the beginning of his 
paper I he is unable to base his geometry on anything significantly 
different from Euclidean concepts, and so the geometric inter- 
pretation of his formulae remains inconclusive. A straight 
line, for example, is still defined as a curve between two points 
which covers itself in every position ([Lobachevskii 18351, in 
[Engel 1898, § 251). 
The decision to invert the arguments and start with the 
formulae had to await the next generation of mathematicians. 
When the study of the intrinsic geometry of surfaces began after 
1827, the analytic constant km1 acquired a geometric meaning 
as the square root of the curvature of the surface under investiga- 
tion. The analytic formulae acquired a new geometric signifi- 
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cance--they described geodesic triangles. But Minding and 
Codazzi were only interested in the formulae, which they cor- 
rectly saw as defining the trigonometry of the surface of 
constant negative curvature. What they did not remark upon was 
the intimate connection between the geometry of geodesics of 
surfaces of constant curvature and the original Euclidean 
concepts. When, finally, the new geometry and the old were put 
on equal terms as geometries of surfaces, there remained only 
a methaphysical battle to dethrone Euclidean space from its 
paramount position in the geometrical hierarchy [Richards 19781. 
After this second change of approach, begun in 1854 by Riemann, 
who stressed the local nature of geometric concepts, the Gaussian 
concept of curvature became crucial. Perhaps it was the absence 
of the idea of the intrinsic nature of curvature in the work 
of Monge which held back the French geometers. Only Legendre 
studied the problem intensively, and he had the conservative 
aim of proving Euclid's geometry was the only one possible 
(several attempts, of varying merit, occur in different editions 
of his popular Eldments de Ggomkrie, e.g., the 12th edition of 
1823). 
IV. CONCLUSION 
It is interesting to chart the declining status of Euclidean 
geometry throughout this period. It started off as both true of 
the world we inhabit and unique. With the work of Lobachevskii 
and Bolyai, it ceased to be unique, although it might well be 
true. Only the next generation of mathematicians dethroned 
Euclid, Riemann by digging underneath all the classical concepts, 
and Beltrami by putting the Greek and modern geometries ex- 
plicitly on a par. Beltrami's famous dictionary not only es- 
tablished the relative consistency of Euclidean and non-Euclidean 
geometries, but it marked the end of the privileged status 
of Euclidean space. An amusing illustration of the history is 
afforded by the history of Saccheri's famous diagram described 
in his Proposition XXIII [Saccheri 1920, 116-1171. On the hy- 
pothesis of the acute angle, he showed that lines through a 
point P not on a line are either: 
(i) divergent from 1 and having a common perpendicular 
with it, i.e., above m; 
(ii) asymptotic to 1, i.e., m; 
(iii) incident with 1, i.e., below m. 
Figure 2 can also be seen, and it was, as defining a directed 
parallel line m to 1 through P (Gauss), the angle of paral- 
lelism at P (Taurinus, Bolyai, Lobachevskii), as the arc of 
a tractrix and rim of the pseudosphere (Minding, Codazzi), or 
as the rim of a surface of rotation which locally models non- 
Euclidean geometry (Riemann, Beltrami). 
252 Jeremy Gray 
FIGURE 2 
fiore significantly, it was not until the concept of a surface 
of constant curvature had been established (upon which the tran- 
lation of figures is possible) that the notion of the superposi- 
tion of figures and their ensuing congruence was properly es- 
tablished. Heath in his note the fourth Common Notion of Euclid-- 
"things which coincide with one another are equal to one another"- 
observed that no ancient mathematician had thought to question 
this assumption [Euclid 19561. However, once it is observed 
that congruence can be defined independently of superposition, 
two arguments are possible. If you retain superposition as the 
test you are led, as Helmholtz was, to recognize the importance 
for elementary geometry of the constant curvature of space. 
Otherwise you must define congruence differently from Euclid, 
a task most thoroughly accomplished in 1899 by David Hilbert 
[19711. Both Bolyai's father and Lobachevskii preferred to 
discuss congruence in terms of the motion of figures. In the 
Tentamen [BolYai 18321 and the Neue Anfangsgriinde [Lobachevskii 
18351 they discussed translations and rotations in 3-space with 
a view to obtaining definitions of planes and lines, spheres, 
and circles. Neither, however, discussed under what conditions 
the ambient space permits such motions. 
It is often argued that the chief significance to the his- 
torian of non-Euclidean geometry is that it cracked the axiom- 
atic facade of Euclid, and thereby led to the rigorization of 
geometry. It seems, however, that the history must also be seen 
with an eye to the emergence of the underlying concepts of differ- 
ential geometry, which led to a tremendous growth in mathematics 
and made possible, in particular, the first critical examinations 
of Euclidean concepts. And, as I hope this paper shows, the use 
of analysis, not the study of foundations, finally changed the 
status of the parallel postulate itself. The original formula- 
tion of the problem of parallels took for granted the meanings 
HM6 Non-Euclidean Geometry 253 
of such words as 'straight,' 'flat,' and 'plane.' The final 
formulation interprets these words in terms of geodesics in a 
space of zero curvature, thereby permitting their extension to 
spaces of other curvatures, and making possible the elucidation 
of the various new geometries, without, however, giving para- 
mount position to any of them. Different metrics were also 
employed in the studies of projective geometry by Cayley, Klein, 
and others. And the new formulation allowed for the discovery 
of even more novel kinds of geometry (see [Coxeter 19751). 
Increasingly, the problem of parallels became once about 
the nature of geometry itself. The strictly axiomatic enquiries 
began only when the divorce between mathematics and reality had 
taken place, and it became necessary to look elsewhere for the 
basis of mathematics. The divorce was, of course, helped along 
by the creation of a non-Euclidean geometry. 
APPENDIX: SPHERICAL GEOMETRY 
The geometry of great circles on the sphere is today frequently 
encountered as an example of a geometry different from Euclid's. 
It is not, however, a non-Euclidean geometry in the strict sense 
of the term, since all lines are necessarily finite in it and 
the Archimedean postulate of Euclidean geometry is thereby flouted. 
Doubtless it is presented as an example because it is readily 
visualized in a way non-Euclidean geometry cannot be, and it is 
interesting to see how it was regarded during the period 1733- 
1868. 
Saccheri does not mention spherical geometry, nor does he 
discuss the arbitrary length of lines in this connection, whereas 
Lambert and Taurinus both observe, as we have seen, that the 
second hypothesis holds on the sphere. Lambert does not comment 
on the relation between the refuted obtuse-angle geometry and 
the valid spherical geometry. Taurinus regards spherical ge- 
ometry as irrelevant because all lines perpendicular to a given 
line I? meet in two points equidistant from II, thereby contradict- 
ing the axiom of straight lines [Taurinus 1825, 821. He is 
willing to call great circles lines, and does not stress the 
fact that they are finite in length. It is apparent, therefore, 
that no one sought a geometry merely different from Euclid's; 
spherical geometry is that, and it was rejected. Rather, a 
geometry was sought which could be a geometry of space but 
differ from Euclid's. Furthermore, it was required of any ge- 
ometry of space that no two lines in it enclose an area. It 
was this property of spherical geometry that made Taurinus and 
Kant [Kant 1970, 69n] reject it, but they did not seek to relate 
this to any specific body of theorems in Euclid which are in- 
dependent of the Archimedean postulate as we might today. His- 
tories of mathematics which suggest that these early workers had 
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solely an 'axiomatic' question in mind (can we change one post-- 
ulate of Euclid and still get something?) miss the scientific 
context of the enquiry. On the other hand, Taurinus and the 
others could not point to a specific passage in Euclid at which 
the two possibility lines enclosing an area is exclude either by 
definition or at the end of a theorem. Elements I definition 19 
defines rectilineal figures, beginning with the trilateral; a 
two-sided figure is not discussed. So it must be asked: why 
should they not consider space to be such that lines may meet 
twice? This possibility is excluded by the global definitions 
employed in traditional geometry. It is avoided by the triqon- 
ometric approach, and admitted by the local differential-geometric 
approach. It is because we have come to regard differential qe- 
ometry as basic that we define lines locally, as geodesics, and 
treat the sphere on a par with the plane. To Lambert and Taurinus, 
and even, perhaps, to Lobachevskii and Bolyai, such an inter- 
pretation of spherical geometry could not arise. It was only 
Riemann who could identify the second hypothesis with spherical 
geometry and isolate the distinction between infiniteness and 
unboundedness lines [Riemann 1902, 2841. 
NOTES 
1. There seems to be little evidence that Gauss was the man 
behind the discovery of non-Euclidean geometry. K. R. Biermann 
[1969] has examined the Gauss-Bartels correspondence (Bartels 
taught at the University of Kazan where Lobachevskii studied) 
and found no evidence that Gauss ever wrote to Bartels on the 
subject. In the absence of any other evidence, we must assume 
Iobachevskii worked independently of Gauss until at least 1840. 
Gauss did write to Farkas Bolyai in 1799 expressing doubts about 
Euclidean geometry. However, his views stated in the famous 
letter of 1832, so shocked Janos that the young man never for- 
gave him. We must presume that Janos did not know these views 
in advance. 
2. On a sphere of radius r the area of a triangle with angles 
a,B,y is r2(a+@+y-T). Replacing r by iR (i.e., passing to a 
sphere of imaginary radius) the formula becomes 
area = R'(TI - (a+B+y)) 
which correctly gives the area of a non-Euclidean triangle with 
angles a,$,y, but at the cost of introducing the myste'rious 
imaginary radius. 
3. The complete reference reads as follows: 
Durch das was Lambert gesagt hat, und was Schweikart 
miindlich ;iusserte, ist mir klar geworden, dass unsere 
Geometrie unvollstandig ist, und eine Correction erhal- 
ten sollte, welche hypothetisch ist und, wenn die Summe 
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der Winkel des ebenen Dreiecks = 180' ist, verschwindet. 
Das w;ire die wahre Geometrie, die Euklidische, die prak- 
tische, wenigstens fur Figuren auf der Erde . . . 
[Gauss 1876, VIII, 2011. 
4. WZre das dritte System das wahre, so g;ibe es iiber- 
haupt keine Euklidische Geometrie, da doch ihre Maglich- 
keit nicht gelh'ugnet werden kann [Taurinus 1825, 861. 
Die Untersuchung der Frage, was nun das Wesen der 
logarithmisch-sphZrischen Geometrie ist, ob sie etwas 
Mijglisches entMlt oder ob sie nur imagin8'r ist, w;ire 
zwar fiir die hijchste Gelehrsamkeit eine wiirdige Aufgabe, 
iiberschreitet jedoch sicher die Grenzen der Elemente 
[Taurinus 1826, 671. 
5. Thomas Reid's The Inquiry into the Human Mind (published in 
1764) contains, in a description of vision, a single elliptic 
geometry which is used to attack Berkeley's theory of vision. 
For a full discussion of this fascinating 18th century non- 
Euclidean geometry and its implications see [Daniels 19741. 
6. The previous studies of non-Euclidean geometry had looked 
exclusively at the two-dimensional case, conceding to physical, 
Euclidean, three-space the primary role in creating geometry, 
chiefly by endowing surfaces with an induced geometry. This 
concession was also made in differential geometry by Euler 
and, for example, Monge. Boylai and Lobachevskii ceased to 
equivocate and did not seek a non-Euclidean 'plane' embedded 
in a Euclidean three-space. Instead, they assumed that an 
intrinsic non-Euclidean geometry for space was possible. After 
Riemann, differential geometers sought to ground all geometric 
properties in intrinsic ones, not necessarily induced from an 
ambient space. Ironically, as Hilbert showed in 1901, that 
there is no smooth embedding of non-Euclidean 2-space in Euclidean 
3-space. For a revised proof see [Hilbert 1901, 191-1991. 
7. One might argue that the isometric embedding of Euclidean 
2-space in non-Euclidean 3-space is a relative consistency proof. 
It would surely convince non-Euclidean beings of the possibility 
of Euclidean geometry. 
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